1. Introduction. Let us consider a complex-valued function f(t) of the real variable t, which is bounded for all real t and integrable in the Lebesgue sense over every finite interval. It is proposed to investigate the conditions under which/(/) admits a representation of one of the following types: (F) f(t) = re»xdF(x), where F(x) is real, bounded and never decreasing ;
(G) /(/) = f e»*dG(x), J -co where G(x) is of bounded variation in ( -<~} co ) ; and (g) f(t) = I eitxg(x)dx, where g(x) is absolutely integrable over (-°°, °°). The functions G(x) and g(x) are not necessarily real.
We shall say that a representation of one of these types exists, whenever f(t) is represented by the corresponding expression for almost all real t. If, in addition, we know a priori that f(l) is continuous, it readily follows from elementary properties of the above integrals that our representation holds for all real t. For any positive e we denote by g€(x) the function defined for all real x by the absolutely convergent integral
Obviously g,(x) is bounded and everywhere continuous.
We then have for any particular pit) satisfying (1) and (2) the following necessary and sufficient conditions for the existence of a representation off(t) according to (F), (G), or (g):
Type (F). gt(x) should be real and never negative for 0<€<1
and for all real x.
Type (G)./r»|g,(x)|¿x<const./or 0<e<l. Type (g). gt(x) should satisfy the condition for type (G), and further r* 00
If a given function f(t) satisfies one of these conditions for owe particular function p(t), it follows that the same condition is automatically satisfied for all p(t) satisfying (1) and (2).
Proofs of the conditions will be given in § §3-5. In §7, it will be shown that similar conditions hold for functions f(h, ■ ■ ■ , tk) of any number of variables.
2. A particular case. Choosing for p,(t) the particular function given by (3), we obtain, writing A = 1/e, *M-lC(1-l-r)m<r'"'" (5) i rA rA
2irA Jo Jo
In this particular case, our conditions are analogous to those given by
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Hausdorff [4] with respect to the problem of representing a sequence of numbers ck, (k = 0, ±1, +2, • ■ • ), in the form /> 2t eikxdF(x) a or in one of the similar forms corresponding to (G) or (g). Our condition for type (F) constitutes, in the particular case when p(t) is given by (3), a simplified form of a we'll known theorem due to Bochner (cf. §7). For type (G), Bochner [2] and Schoenberg [6] have given a necessary and sufficient condition which is, however, fundamentally different from ours.
Some applications of our conditions to the theory of random processes will be given in a forthcoming paper.
3. Representation of type (F). In the case of a representation
with a real, bounded, and never decreasing F(x), it is almost obvious that our condition is necessary. We obtain, in fact, from (4)
the inversion of the order of integration being justified by the absolute convergence of the integrals. According to (1) and (2) we have, however, almost everywhere 1 c °°m
which is obviously real and never negative. In order to show that the condition is also sufficient, we consider the identity Hence we obtain, using (2b),
for 0 < e < 1. Thus our condition is necessary. In order to show that the condition is also sufficient we observe that, owing to the convergence of /__ | g>(x) | dx, the relation (4) may be converted into (7) for almost all real /. As in the preceding section, it follows that there is a continuous function /*(t) which coincides with/(/) for almost all real /. We then have as before When e tends to zero, the left-hand side of this relation tends to f*(t) uniformly in every finite interval. On the other hand, f™x | ge(x) | dx is uniformly bounded for 0<e<l, so that Gt(x) is of uniformly bounded variation in (-co, co ). It is well known that we can always find a sequence ei, e2, ■ ■ ■ tending to zero and a function G(x) of bounded variation in ( -oo, co ) such that (9) G(x) = lim G"(*) = lim f gtn(y)dy As/*(¿) =f(t) for almost all t, this proves our assertion. For a later purpose it will now be shown that, if our condition for type (G) is satisfied, then the integral (10) J"|«.(*) dx is uniformly convergent for 0 < e < 1. If the condition is satisfied, we already know that/(¿) admits a representation of type (G). Now let ô>0 be given. We can then choose y0 > 0 and x0 > yo such that A similar inequality evidently holds for negative values of Xi and x2, and thus the uniform convergence of (10) is established. 5. Representation of type (g). As in the preceding cases, we begin by proving that our condition is necessary. Any representation of type (g) being a particular case of type (G), it is obvious that the first part of the condition is necessary. It thus remains to show that, if According to the preceding section, it follows from the first part of the condition that the integral (10) converges uniformly for 0 <e < 1. Given 8 >0, we can thus choose x0 = x0(ô) such that
J l*l>*t for0<e<l.
We now choose a function g*(x), bounded and continuous for all real x, such that According to (13), the first term on the right-hand side is less than 5. We further have, using (2b), We can further choose y0 = yo(5, x0, K) such that /m(y)dy < \v\>vo 2Kxo
For any e such that 0<e<h/y0, we then obtain from (15) for almost all t, so that the proof is completed.
If the first part of our condition for type (g) is replaced by the condition given above for type (F), it is readily seen that we obtain a necessary and sufficient condition for representation of type (g) with a real and non-negative g (x).
It may be worth while to point out that the first part of our condition for type (g) is not contained in the second part. This is shown by the example '*(-1 -t), -1 < t < 0,
.0, / = 0, \t\ = 1.
In the particular case when p(t) is given by (3), this function yields for 0<e<l x -sin x x sin x -2(1 -cos x)
£«(*) = -0-r-e-;-> so that the second part of the condition is satisfied but not the first part. Accordingly, no representation of any of our three types exists, which is also directly seen from the behaviour olf(t) near 2 = 0. 6. The case of an unbounded f(t). In all the preceding paragraphs it has been a priori assumed that /(/) is bounded. It will, however, be seen that this assumption has only been used on two occasions; namely (a) to ensure the absolute convergence of the integral (4) which defines gc(x), and (b) for the proof that our condition for type (F) is sufficient.
Let us now omit this assumption and consider the class of all functions /(/) which are integrable over any finite interval. Let us further choose for p(t) the particular function given by (3) . As this function is equal to zero for | ¿| =_1, it is obvious that the integral (4) will still be absolutely convergent for any positive e.
Thus the conditions for types (G) and (g) remain true under the present con-HARALD CRAMÉR [September ditions, while in the condition for type (F) it will have to be explicitly staled that \fit) | should be less than a constant K for almost all values of t.
The necessity of this addition to the condition for type (F) is shown by the example f(t) = 11\ ~a, (0 <a< 1), where obviously no K can be found such that \f(t) | <K for almost all t. The corresponding function gt(x) can be shown to be positive for 0 < e < 1 and for all real x, although evidently no representation of type (F) exists.
7. Functions of several variables. So far we have only considered functions /(/) of a single variable t. All our considerations can, however, be extended to functions f(ti, ■ ■ • , tk) of any finite number of real variables. This requires only a straightforward generalization of our above arguments, based on the elementary properties of Fourier integrals in several variables. The only delicate point arising in this connection is the generalization to several variables of Bochner's lemma used in the proof of our condition for type (G). This generalization is, however, easily performed by means of a general induction method due to Cramer and Wold (Cramer [3, p. 104 
]).
We obtain in this way direct generalizations of our above conditions, the auxiliary functions p.(t) and gt(x) being replaced by the functions of ft variables obtained when, in (1), (2), and (4), we regard x, /, and tt as abbreviations for (xi, • • • , xk), (h, ■ ■ ■ , ti), and (th, • ; • , ttk), respectively, and put tx = tiXi+ • ■ ■ +tkXk, the integrals being taken over the ft-dimensional euclidean space Rk. Moreover, in the definition (4) of gc(x) the factor l/2x has to be replaced by l/(27r)*. 
